We reduce the study of the Krull dimension d of the deformation ring of the functor of deformations of curves with automorphisms to the study of the tangent space of the deformation functor of a class of matrix representations of the p-part of the decomposition groups at wild ramified points, and we give a method in order to compute d.
Introduction
Let X be a non-singular projective curve defined over the field k, and let G be a fixed subgroup of the automorphism group of X. We will denote by (X, G) the couple of the curve X together with the group G.
A deformation of the couple (X, G) over the local Artin ring A is a proper, smooth family of curves X → Spec(A) parametrized by the base scheme Spec(A), together with a group homomorphism G → Aut A (X ) such that there is a G-equivariant isomorphism φ from the fibre over the closed point of A to the original curve X:
φ : X ⊗ Spec(A) Spec(k) → X.
Two deformations X 1 , X 2 are considered to be equivalent if there is a G-equivariant isomorphism ψ, making the following diagram commutative:
The global deformation functor is defined:
The deformation functor D gl of non singular curves together with a subgroup of the automorphism group, admits a pro-representable hull R as J. Bertin and A. Mézard [3] proved using Schlessinger's [19] approach.
The Krull dimension of the hull is in general smaller than the dimension of the tangent space of the deformation functor; there are obstructions preventing infinitesimal deformations to be lifted. of the p-part of the decomposition group at a wild ramified point to a suitable general linear group, and we show how to relate the filtration of the ramification group to the radical decomposition of the algebra of lower triangular matrices.
Next we give conditions so that deformations over a local domain A, respect the flag of the Weierstrass subspaces and give rise to lifting of ρ to a representatioñ ρ : G 1 (P ) → GL n (A), that reduces to ρ modulo m.
In order to perform such a construction we need deformations over local domains that can be extended to the generic fibre. Unobstructed deformations give rise to families over formal schemes that do not possess a generic fibre. We employ Artin's algebraization theorem in order to show that an extension of the family to the generic fibre is always possible. As a result, we can use (prop. 3.3) an algebraic equivalence argument in order to compare Artin's representations at wild ramified points in both the generic and the special fibre, obtaining a generalization of a theorem of Bertin.
We introduce a deformation functor F (·) for deformations of matrix representations and we are able to relate these two deformation functors in proposition 4.1.
The ring R D may have nilpotents [4, 4.4.1] and in general might not be irreducible. Factoring out the radical of R D , we obtain a finitely generated k-algebra without nilpotens that corresponds to finite union of irreducible sets. In proposition 4.5 and corollary 4.6 we prove that all these algebraic sets have equal dimension, and this dimension is equal to the dimension of the tangent deformation functor F (k[ǫ]). Moreover, we prove that infinitesimal deformations in F (k[ǫ]) are unobstructed and this fact allows us to compute the desired Krull dimension.
Finally, all the above constructions are illustrated by giving examples, and by comparing our method with computations done by other authors. Namely we can prove that for curves of genus g such that p > 2g −2, acted on by a group G of order p s , the desired hull is a polynomial ring in s ideterminates. We also study a special case of deformations of ordinary curves and as a final application, we show how the tools we have developed, reduce the problem of computing the Krull dimension to the solution of homogeneous linear system in the case of Matignon-Lehr curves.
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Representations
Let C be a nonsingular complete curve defined over an algebraically closed field of characteristic p ≥ 0. Let G be a subgroup of the automorphism group of C, and let P be a wildly ramified point of C. We denote by G 0 (P ) the decomposition subgroup of G, and by G 1 (P ) the p-part of G 0 (P ). The p-part of the decomposition group can be analyzed in terms of the sequence of the i-th ramification groups [20, chap. IV]: (1) G P (1) ≥ G P (2) ≥ · · · ≥ G P (n) > {1}.
For every point P of the curve C of genus g we consider the sequence of k-vector spaces (2) k = L(0) = L(P ) = · · · = L((i − 1)P ) < L(iP ) < · · · < L((2g − 1)P ), where L(iP ) := {f ∈ k(C) : div(f ) + iP ≥ 0} = H 0 (X, L(iP )).
Lemma 2.1. Let m be the smallest pole number not divisible by the characteristic. There is a faithful representation
Proof. It is clear that the space L(mP ) is preserved by any automorphism in G P . Let f be a function with pole at P of order m. We can write f as f = u 1 t m , where u is a unit in the local ring O P . Since (m, p) = 1, Hensel's lemma implies that u is an m-th power so the local uniformizer can be selected so that f = 1 t m . Let σ ∈ G P (1) such that σ(1/t m ) = 1/t m . Then σ(t) = ζt where ζ is an m-th root of unity. Therefore, if σ induces the trivial matrix in AutL(mP ) and σ is of order p, then ζ = 1 since (p, m) = 1.
The above lemma makes the p-part of the decomposition group G P realizable as a finite algebraic subgroup of the linear group GL n (k). Moreover the flag of vector spaces L(iP ) for i ≤ m is preserved, so the representation matrices are lower triangular.
We assume that m = m 0 > m 1 > · · · > m r = 0, are the pole numbers less than m. Therefore, a basis for the vector space L(mP ) is given by
According to this basis, an element σ ∈ G 1 (P ) acts on L(mP ) by
and equivalently it maps the local uniformizer t to
where ζ is an m-th root of one. The above expression can be written in terms of a formal power series as:
On the other hand the composition of the formal powerseries
is written as ta 0 b 0 + · · · , so the automorphism σ |GP (1)| as it is given in (4) is tζ p l + · · · = t and since m is prime to p, ζ = 1 and (4) can be written as
The above computation allows us to compute the "gaps" in the filtration of the group G P (1). Proposition 2.2. Let ρ : G P (1) → GL dim(L(mP )) (k) be the faithful representation attached to a point P of the curve C. Let m = m 0 > m 1 > · · · > m r = 0 be the pole numbers at P that are smaller than m. For the filtration of G P (1) we have
for some pole number m k .
Notice that there is at least one c i (σ) = 0, because if all c i (σ) = 0 for i = 1, ..., r then σ(1/t m ) = 1/t m and σ is the identity. The valuation of the expression σ(t) − t can be explicitly computed:
where k = min{i : c i (σ) = 0}. The possible valuations are given by:
Examples: 1. The Fermat curves x n + y n + 1 = 0, where n − 1 = p h . H. W. Leopoldt in [13] studied the automorphism group of the Fermat curves. After constructing a basis for the space of holomorphic differentials of the curve he was able to prove that for the points of the form P : (x, y) = (ζ 2n , 0) where ζ 2n is a 2n-root of one, we have the following sequence of k-vector spaces [13, Satz 4] :
The interesting case (Hermitian Function Fields) appears when n − 1 is a power of the characteristic, so in this case the representation of the decomposition subgroup is of the form:
According to proposition 2.2 the filtration of the decomposition subgroup is given by:
G 0 (P ) > G 1 (P ) > G 2 (P ) = · · · = G n (P ) > G n+1 (P ) = {1}, i.e., the gaps of the filtration are in 0, 1, n.
2.
The curves x n + x m + 1 = 0, where m | n and m − 1 = p h The automorphism group of a nonsingular model of the above curve is studied by the author, in [10] . It is proved that for the points P : (x, y) = (ζ 2n , 0) we have the following sequence of vector spaces [10, eq. (4)] k = L(0P ) = L(P ) = · · · = L((m − 1)P ) < L(mP ) = L((m + 1)P ) ≤ · · · Since m is not divisible by p we have the following representation
Thus G 0 (P ) is the semidirect product of an elementary abelian group by a cyclic group of order prime to the characteristic. For the ramification filtration of G 0 (P ) we have G 0 (P ) > G 1 (P ) > G 2 (P ) = · · · = G m (P ) > {1}.
3. Ordinary Curves. A curve is called ordinary if the p-rank of the Jacobian is equal to the genus of the curve. It is known that ordinary curves form a Zariski-dense set in the moduli space of curves of genus g. For ordinary curves we have that G 2 (P ) = {1} [16] , thus we have the following picture for the faithful representation ρ of the group G 1 (P ): There is a gap at G 1 (P ) > G 2 (P ) = {1}, thus m i = m − 1 for some i, and this i = 1. In other words the pole numbers that are smaller or equal to m include {m, m − 1}. This implies that if the genus g of X is g ≥ 1 the representation has dimension at least 3, because otherwise,i.e., if the representation is two dimensional, we have the following sequence k = L(0P ) = L(P ) = · · · L((m − 1)P ) < L((m)P ).
But m− 1 is a pole number so m− 1 = 0 and m = 1, i.e., the Weierstrass semigroup is the semigroup of natural numbers, a contradiction, for g ≥ 2.
Moreover if c 1 (σ) = 0 then all c i (σ) = 0 for i > 1, otherwise there will be more jumps at higher groups G i , and this is impossible. This proves that c 1 (σ) = 0 if and only if σ = 0. By multiplying the representation matrices we can easily deduce that the map
is a faithful homomorphism of the elementary abelian group G 1 (P ) into the additive group of k.
The representation matrices are commuting, and by computation this implies that all elements ρ j+1,j (σ), of the representation matrix, are of the form λ j c 1 (σ), and λ j is independent of σ.
Since c 1 is faithful character, such that c 1 (σ) = 0 implies that ρ ij (σ) = 0, for all i = j, we can write ρ ij (σ) = c 1 (σ)a ij (σ).
4. p-cyclic covers of the affine line. In this example we apply our computations to Artin-Schreier curves that are nonsingular models of the function field defined by:
These curves give extreme examples of automorphism groups and were studied by H. Stichtenoth R. Brandt [21] and C. Lehr, M.Matignon [12] .
There is only one ramified point in the cover C t1,...ts−1 → P 1 , the point P that is over the point X = ∞ of P 1 . The Weierstass semigroup at P is computed by H. Stichtenoth [21] to be equal to (p s + 1)N + pN.
Thus, the smaller pole number that is not divisible by p is p s + 1 and the Weierstrass semigroup up to p s + 1 is computed to be 0, p, 2p, . . . , 1 + p s p p, 1 + p s .
One can prove that 1+p s p p = p s . The remainder of the division of p s + 1 by p, is 1. According to proposition 2.2 the possible gaps at the ramification filtration are at the numbers 1 + kp, k = 0, . . . , 1+p s p = p s−1 . The dimension dim k L (p s + 1)P is n = 1+p s p p + 2 = p s + 2 and the representation of G 1 (P ) to L (p s + 1)P is given by an n × n lower triangular matrix with 1 in the diagonal. 6 More precisely, if we choose the natural basis {1, X, X 2 , · · · , X p s , W } of L (p s + 1)P then the representation ρ is given by the matrix
where b j (y) are the coefficients of the polynomial P f (X, y), and y is a solution of Ad f (Y ) = 0 as defined in lemma 4.1 and definition 4.2 in [12] .
Deforming Branch Points
In this section we would like to address the following question: Let P be a wild ramified point, of the special fibre of the deformation in study, with decomposition group G(P ). Is it possible to find a "horizontal divisor"P that is invariant under the action of G(P )?
Let X → SpecA be an A-curve, admitting a fibrewise action of the finite group G, where A is a Noetherian local ring. Let Y → SpecA be the quotient SpecAcurve. A good notion of a horizontal divisor in this case can be given in terms of effective Cartier divisors. An effective Cartier divisor D on X → SpecA, is a closed subscheme D ⊂ X , such that D is flat over SpecA, and the ideal sheaf
We would like to assign to the cover of A-schemes X → Y a ramification divisor R, such that the intersection of R with the fibres of the morphism f : X → Y, corresponds to the usual notion of ramification divisor for coverings of k-curves.
Let S = SpecA, and Ω X /S , Ω Y/S be the sheaves of relative differentials of X over S and Y over S, respectively.
We begin by defining the ideal sheaf of the ramification divisor as L(−R) = Ω −1 X /S ⊗ S f * Ω Y/S . We will first prove that the above defined divisor R is indeed an effective Cartier divisor.
We will use the following 
Proof. We are interested in deformations of nonsingular curves. Since the base is a local ring and the special fibre is nonsingular, the deformation X → Let A be a local k algebra, that is a domain, and let X → SpecA be a deformation of the curve X, and P ∈ X, be a wild ramified point with decomposition group G 0 (P ). Assume that the point P appears in the ramification divisor of the covering of the special fibres X → X/G, with multiplicity d, given by Hilbert's formula [22, III.8.8].
We consider the effective Cartier divisor D P = λ j=1 a iPi , whereP i denotes the irreducible components of the ramification divisor R = R X /Y that intersect the special fibre of X at P .
We have the following picture:
Two horizontal branch divisors can collapse to the same point in the special fibre. For instance this always happens if a deformation of curves from positive characteristic to characteristic zero with a wild ramification point is possible.
For a curve X and a branch point P of X we will denote by i G,P is the order of function of the filtration of G at P . The integer i G,P (σ) is equal to the multiplicity of P × P in the intersection of ∆.Γ σ in the relative A-surface X × X, where ∆ is the diagonal and Γ σ is the graph of σ [20, p. 105]. Using an algebraic equivalence argument on X × SpecA X we see the following generalization of the result of J. Bertin [2] : Proposition 3.3. Assume that A is an integral domain, and let X → SpecA be a deformation of X. LetP i , i = 1, · · · , s be the horizontal branch divisors that intersect at the special fibre, at point P , and let P i be the corresponding points on the generic fibre. For the Artin representations attached to the points P, P i we have:
Remark Consider the case of deformations of ordinary curves, together with a p-subgroup of the group of automorphisms. Then |ar P (σ)| = 2 for all σ ∈ G(P ) = G 1 (P ), σ = 1 [16] . On the other hand the ramification at the points of the generic fibre is also wild and 3.3 implies that there is only one horizontal branch divisor extending every wild ramification point P .
Proposition 3.4. Consider a deformation X → SpecA of the curve X defined over a local integral domain A, with G ⊂ Aut(X) acting fibrewise on X , and let P be a wild ramified point on the special fibre of X . Suppose that there is a sequence 8 of G-invariant O X -modules (corresponding to horizontal Cartier divisors):
such that L i are finitely generated free A-modules and L i ⊗ A k = L(iP ). Then the faithful representation defined in (3) , can be lifted to a representation:
Proof. Let k = A/m, be the residue field of the local ring A, modulo the maximal ideal m of A. The A-module L i is a finitely generated free A-module, therefore
Lemma 3.5. Let A be an Artin local ring and let X → SpecA be a deformation of X. If X ֒→ P d k is a projective embedding of the curve X, then X → P d A , is a projective embedding of the relative curve.
Since A is an Artin local ring and X i affine, the deformation X of X is trivial when restricted to X i . Thus the sets
be a system of patching isomorphisms. The functions f ij can be written as
Define the family of maps
Therefore, we have the following patching morphisms:
Therefore the relative A-curve X is A-projective.
We would like to have our curves deformed over bases that have generic fibres. Formal deformation theory gives us information whether a curve can be defined over the formal spectrum of a complete ring, i.e. over
where R is a complete domain with maximal ideal m R . In order to extend the family over the generic fibre (the 0 ideal is not open) we have to use an algebraization argument. 9 Let us denote by C the category of local artin k-algebras and byĈ the category of complete Noetherian local k-algebras. A covariant functor F : C → Sets can be extended to a functorF :Ĉ → Sets by defininĝ
On the other hand a functor F :Ĉ → Sets induces by reduction a functor F | C : C → Sets. For any covariant functor F :Ĉ → Sets there is a canonical map
The above map is not in general a bijection. Let us denote by h R (·) = Hom(R, ·).
One can also prove [11] thatF (R)
J. Bertin, A. Mézard [3] , introduced at the wild ramified point P the deformation functor:
Let D be the functor defined in (7) . For every complete k-algebra A the canonical map
is a bijection.
Proof. Let A be a complete k-local algebra with maximal ideal m A and denote by A n the quotient A/m A . We will show first that the map in (8) is surjective. Let ρ n : G → AutA n [[t]] be a system of representatives of maps such that the following diagram
we have to define it on t. Let us write
The elements {a i,n (g)} n form an inverse system and give rise to a limit element a i (g) ∈ A = lim ← A n and to the desired extension
This proves that the canonical map in (8) is indeed surjective.
In order to prove that it is also injective we consider two representations
such that for every n there are isomorphisms γ n :
] such that ρ 1,n = γ n ρ 2,n γ −1 n . Arguing in the same way as in the proof of the surjectivity we see that the maps {γ n } n give rise to a well defined isomorphism
that induces the identity map on k[[t]] and makes ρ 1 , ρ 2 equivalent. Definition 3.7. We will say that the functor D :Ĉ → Sets is locally of finite presentation if and only if for every direct limit lim → A i of objects inC the natural map lim
Definition 3.8. We will say that the functor D :Ĉ → Sets is coherent [8] if there are two representable functors h 2 , h 1 such that
Lemma 3.9. Every coherent functor D :Ĉ → Sets is locally of finite presentation.
Proof. Since D is coherent there is an exact sequence
where h 1 , h 2 are representable functors. Sequence (9) implies the following commutative diagram
where the last row is exact since we are considering direct limits in the category of sets. Now representable functors are locally of finite presentation therefore f 1 , f 2 are isomorphisms and the commutativity of the diagram forces f to be also an isomorphism, i.e., the desired result. Proof. We will use the notation of [3, sect. 5]. Let M g,n,G be the functor classifying equivalence of triples [X /A, φ, θ], represented by the scheme M G g,n . There is the following exact sequence of functors:
where N GL(Z/nZ) G denotes the normalizer of G in GL(Z/nZ) and N GL(Z/nZ) G(−) the constant group scheme with fibre the group N GL(Z/nZ) G.
Indeed, for a local ring A, and a deformation d : X → SpecA in D gl (A), we can select a level structure φ :
SpecA that maps on d by forgetting the extra level structure. The group G can be considered as a subgroup of GL(Z/nZ) and we can select a map θ : G → AutX such that
This proves the surjectivity of α 2 .
In order to prove the exactness at the second factor we consider two triples [X i /A, φ i , θ i ], i = 1, 2 that map on d ∈ D gl (A). Thus X 1 ≡ X 2 and there is an element a ∈ GL(Z/nZ) such that φ 1 = a • φ 2 . But since both φ 1 , φ 2 have to be GL(Z/nZ) invariant, i.e., equation (10) has to hold we obtain that:
for all σ ∈ G. Therefore a ∈ N GL(Z/nZ) G and the desired result follows.
Theorem 3.11 (Artin's Criterion of Algebraization). Let F : (Sch/k) 0 → Sets be a functor from the category of the formal schemes over the algebraically closed field k that is locally of finite presentation over k. Let ξ 0 ∈ F (k), and suppose that an effective formal deformation (R, ξ) exists, where R is a complete Noetherian local k-algebra and ξ ∈ F (R). Then there is a scheme X of finite type over k and x ∈ X a closed point with residue field k, andξ ∈ F (X), such that (X, x,ξ) is a versal deformation of ξ 0 , such thatÔ X,x ) = R, and 
is an isomorphism. Then Γ(X , O X (sD)) is a free A-module, and there is a free G-invariant A-module L, such that L ⊗ A k = L(dP ).
Proof. The divisor D is an effective Cartier divisor, and flatness of D over SpecA implies
i.e., the ideal sheaf of D restricted to the special fibre coincides with the ideal sheaf of the restriction of the divisor D to the special fibre [9, p. 7] . By inverting the ideal sheaves above we obtain
We would like to take global sections of the above two sheaves, in order to prove that Γ(X s , L(D)) ⊗ A k = Γ(X s , L(D ⊗ k)) = L(dP ).
For all i ≥ 0 there is a natural map [7, prop. III 12.5]
We are interested in global sections i.e., for the zero cohomology groups, but in general φ 0 can fail to be an isomorphism. Instead of looking at D we will consider aD, where D is a sufficiently large natural number. The degree of the divisor aD remains the same in the special and in the generic fibre, since H 0 (X , L(aD)/O X ) is a free A-module of rank deg(aD), [9, 1.2.5]. Let X s and X η denote the special and the generic fibre of X and let K be the field of quotients of A. We will employ the Riemann-Roch theorem in both the special and the generic fibre and we can choose a sufficiently big so that the index of speciality in both the generic and the special fibre is zero. Thus, the Riemann-Roch theorem implies:
Let f : X → SpecA be the structure map. By lemma 3.5 the A-curve is projective and Grauert theorem [7, III.12.9], implies that R 0 f * (L(aD) is a locally free sheaf on SpecA, and quasicoherent by [7, III.8.6 ]. Since A is a local ring we have that H 0 (X , L(aD)) = H 0 (SpecA, f * L(aD)) is a free A-module.
Consider the k-subspace L(dP ) ⊂ L(adP ). Since D is G-invariant L(dP ) is also a G-invariant subspace of L(adP ). Letx 1 , . . . ,x ℓ be a basis of L(dP ) and let x 1 , . . . , x ℓ ∈ H 0 (X , L(aD)) that reduce tox i modulo m.
The free submodule of H 0 (X , L(aD)) generated by x i is G-invariant and reduces to L(dP ) modulo m. i.e., horizontal Cartier divisors that are in the same orbit of the action of G must appear with the same weight in D.
Thus, only spaces L(iP ), i = C∈O(T ) n C #C, where n c are non-negative integers can be lifted to G invariant A modules of the form O X (D) for an invariant divisor D. We have proved the following: 13 Proposition 3.14. If the semigroup C∈O(T ) n C #C, n C ∈ N, contains the Weierstrass semigroup of the branch point P of the special fibre, then the assumption of proposition 3.4 is satisfied and the representation can be lifted. Corollary 3.15. If one orbit of G acting on T is a singleton, then the semigroup
is the semigroup of natural numbers and the assumption of proposition 3.14 is satisfied. If #T ≡ 0modp then there is at least one orbit that is a singleton. Corollary 3.16. Let A be a local Artin algebra that is dominated by an integral local ring R, and suppose that the deformation X → SpecA can be lifted to a deformation with base R, such that the assumptions of proposition 3.4 are satisfied. The faithful representation defined in (3) , can be lifted to a representation:
such that σ(g) is a lower triangular matrix with 1 at the diagonal.
Proof. Suppose that we have a lift ρ 1 of the faithful representation defined in (3) . There is a a surjective map R → A, with kernel an ideal I of R. The desired result follows by considering the representation matrices modulo the ideal I.
We define now, following B. Mazur in [15, p.289 ] the notion of a deformation condition.
Definition 3.17. Let X be an algebraic curve defined over the algebraically closed field k. We define the category A of deformations of curves over Artin local rings, whose objects are deformations X → SpecA of the initial curve X, together with a fibrewise action of the group G on X , and the morphisms
are given by a local algebra homomorphism A → A ′ and an SpecA ′ -map φ : X × SpecA SpecA ′ → X ′ , making the following diagram commutative:
and moreover φ induces the identity on the special fibre X. Definition 3.18. By a deformation condition on A we mean a full subcategory DF of A satisfying the following conditions: 
Consider an object (X , A × C B) and let
be the fibre products with repsect to the maps p A , p B . We ask that (
Suppose that we have a deformation condition DA of A. We define a subfunctor Proof. The deformation conditions imply that D is relatively representable [15, p.278] , and since the global deformation functor D satisfies the first three Schlessinger criteria [19, ] , [15, p. 277] , the functor D also satisfies them and therefore it has a hull.
We are mainly interested in the deformation condition given in proposition 3.14.
Lemma 3.20. The condition given in 3.14 defines a deformation condition.
Proof. In order to prove the desired result we notice that is enough to prove that if d i : X i → SpecA i are elements in A and φ : d 1 → d 2 then d 1 ∈ DA if and only if d 2 ∈ DA.
Let D be a G-invariant divisor of X 1 such that D ∩ X = nP . Then the divisor φ * (D) is a G-invariant divisor on X 2 such and φ * (D) ∩ X = nP , since φ reduces to the identity on the special fibres.
If, on the other hand, D is a G-invariant divisor of X 2 such that D ∩ X = nP then φ * (D) is a G-invariant divisor on X 1 such that φ * (D) ∩ X = nP .
Explicit Deformations of Matrix Representations
In this section we will employ the construction for universal deformation rings for matrix representations, explained by B. de Smit and H. W. Lenstra in [5] . Let G be a finite group with identity e. We denote by k[G, n] the commutative k-algebra generated by X g ij for g ∈ G, 1 ≤ j ≤ i ≤ n, such that
X g il X h lj for g, h ∈ G and 1 ≤ i, j ≤ n.
X ii = 1, for all i = 1, ..., n, and finally X ij = 0 for i < j.
Let A be a k-algebra. Consider the multiplicative group L n (A) < GL n (A), of invertible lower triangular matrices with entries in A, and 1 in the diagonal. We will focus on representations on L n (A). For every k-algebra A we have a canonical bijection
where an k-algebra homomorphism f : k[G, n] → A corresponds to the group homomorphism ρ f that sends g ∈ G to the matrix (f (X g ij )). The homomorphism ρ : G → L n (k) corresponds to a homomorphism k[G, n] → k. Its kernel is a maximal ideal, which we denote by m ρ . We take the completion R(G) of k[G, n] at m ρ . The canonical map k[G, n] → R(G), gives rise to a map ρ R(G) : G → L n (R(G)), such that the diagram:
is commutative. We consider the following functor from the category C of local Artin k-algebras to the category of sets
The ring R(G) defined above does not represent the deformation functor F , since A-equivalent deformations may correspond to different maps in Hom(R(G), A).
If n = 2, i.e., in the case of a two dimensional representation the conjugation action is trivial and F is representable by R(G).
In the deformation theory over fields of characteristic zero, if the representation is irreducible, one takes the closed subalgebra of R(G) generated by the traces of elements in ρ : G → Gl n (R), and since characters distinguish equivalence classes of representations, this subalgebra represents the deformation functor.
We are working over fields of positive characteristic and this approach is not suitable: The representation can be chosen to be indecomposable but not irreducible. The theory of Brauer characters, does also not help very much, in the case of equicharacteristic deformations since Brauer characters do not take values in R(G).
We will avoid to answer whether the functor F is representable, for our needs it is enough that there is a natural transformation from Hom k−alg (R(G), ·) → F (·).
Let D : C → Sets be the functor of J. Bertin, A. Mézard [3] , introduced in (7) We will define a natural transformation of functors Ψ : F → D of functors and using this natural transformation we will prove that the Krull dimension of the hull of the deformation functor D equals the dimension dim k F (k[ǫ]), of the tangent space of the functor F . Assume that the representation ρ : G → L n (k) can be lifted to a representation ρ : G → L n (A), by finding a sequence of free A-modules L i , where D such that
We want to show that such a construction gives rise to an automorphism σ ∈ AutA
Let {F i } be a basis of L i such that the elements F i restrict in the special fibre to the basis functions f i of L(iP ). By construction of the basis elements F i done in lemma 3.13 we see that F i are functions in the function field of X , and they admit a Laurent extension at P as elements in A[[t]]. In the basis of the special fibre we have considered the function f m = 1/t m . By Weierstrass preparation theorem the lift F m of f m can be written as
where a i are in the maximal ideal m of A, and h is a unit of A, that is reduced to 1modm. Thus instead of F m we can consider F m /h and get rid of the unit h. From the action of the lift in the basis of L m we have that if there is a solution
This solution is obviously reduced to σ(1/t) mod m. Equation (12) can be abbreviated to
We will need the following lemmata in order to prove that (13) has a unique solution extending σ(1/t).
Lemma 4.2. Let
A be an Artin local ring, that is a finitely generated k algebra with maximal ideal m, such that A/m = k. Then there is a complete ring B and an epimorphism of B to A.
Proof. Let e 1 , ..., e n generate the k-vector space m/m 2 . We consider the homomor-
defined by φ(t i ) = e i . This homomorphism is onto. Indeed, let a ∈ A. We write a = a 0 + a 1 , where a 0 ∈ k and a 1 ∈ m. We proceed, by writing a = a 0 + n i=1 λ i e i + a 2 , where a 2 ∈ m 2 . After repeating this procedure (finite many times since A is Artin) we get that
i.e., the desired result.
The lemma of Hensel [6, Th. 7.3] , is a tool that allows us to decide whether polynomial equations defined over local rings with maximal ideal m have roots by examining the roots of the polynomial modulo the maximal ideal. A local ring is called henselian if it satisfies the lemma of Hensel. , which has a solution σ( 1 t ). Moreover, the derivative G ′ ( 1 t ) is a unit since the reduction of
is a unit). This implies that the root of the polynomial G is unique.
In order to prove that σ 1 t is well defined, one has to show that it satisfies certain compatability conditions coming from the actions:
All these conditions give rise to a system of polynomial equations, and one can prove that this system is compatible by using the multivariate form of Hensel lemma [6, Ex. 7 .26], since this system is compatible modulo the maximal ideal of A.
So far we have constructed a map Φ sending a lift ρ ij (σ) to an elementσ(t) ∈ AutA[[t]] that reduces to σ(t) ∈ Autk[[t]].
We will prove that Φ(ρ ij (σσ ′ )) = σ • σ ′ (t).
By applying σ to the above equation we obtain,
This proves the desired result.
Moreover we observe that if ρ 1 , ρ 2 are equivalent liftings of ρ, in the sense of the definition of F , then the corresponding liftings Ψ(ρ 1 ), Ψ(ρ 2 ) are equivalent liftings in the sense of the definition of D. Indeed, if there is an invertible matrix Q that respects the flag structure of the A-modules L i , such that ρ 1 = Qρ 2 Q −1 , then using an argument as before, we can prove that it leads to an automorphism in AutA [[t] ] that reduces to the identity in Autk [[t] ].
We can also check that this construction is compatible with morphisms B → A of Artin local algebras, and this gives rise to the natural transformation Ψ.
On the other hand, corollary 3.16 implies that for representations in DA the inverse natural transformation can be defined.
We will need the following lemma: ]], then Hensel's lemma implies that the equation n i=0 g j (a i )T i has a unique solution T , extending the solution of n i=0ā i T i of the equation taken modulo m A ; recall that the field k is algebraically closed, and g j (t) = t for all t ∈ k. We define this unique solution to be the value of g j at y.
Using the criteria of Schlesinger [19] , [15, p.277 ] J.Bertin A. Mézard [3] were able to prove that the deformation D admits a hullR. We have seen in 3.19 that the subfunctor D also admits a hull.
This means that there is a complete ringR and a smooth map of functors D(·) → Hom k−alg (R, ·), that induces an isomorphism on the tangent spaces. The hullR might not be a domain. In order to study its dimension we factor out nillpotent elements obtainingR/ √ 0, a ring that corresponds to a variety. We will study the rings of the irreducible components. We observe first that the rings R andR/ √ 0 have the same Krull dimension, and hence the Krull dimension of R equals the maximum dimension of the rings that correspond to the irreducible components.
Let R i be such a ring. There is an onto mapR → R i , that gives rise to an injection Hom k−alg (R i , ·) → Hom k−alg (R, ·). Since R i is a domain, according to proposition 3.4 there is also a map Hom k−alg (R i , ·) → F (·).
This diagram induces the following diagram on the tangent spaces: Proof. By construction ℓ induces an isomorphism between Hom k−alg (R i , k[ǫ]) and Im(ℓ). Let v ∈ Im(ℓ), we find the inverse ℓ −1 (v) and take c(ℓ −1 (v)). Since the diagram (14) is commutative, the map ψ is onto Im(ℓ). We have seen that Hensel's lemma implies that every deformation in F (A) gives rise to a unique deformation in D(A). This proves that the map ψ is 1-1 and moreover Im(ψ) = Im(ℓ). Examples: 1. n = 2. This is always the case if p > 2g − 2, because the first pole number is smaller than 2g − 2. Automorphisms of curves with this property were studied by P. Roquette in [18] .
By the construction above we have that G 1 (P ) is an elementary abelian group isomorphic to a subgroup of {(a ij ) i,j=1,2 : a 11 = a 22 = 1, a 12 = 0}.
We will check whether the assumptions of the lifting criterion of corollary 3.15 are satisfied. If the automorphism group G is cyclic, then every irreducible component of the ramification divisor is by construction G-invariant, and the orbits are singletons. If the group G is elementary abelian with more than one components, and there are no singleton orbits, then all orbits have order divisible by p. By comparing the Artin representations at the special and generic fibers using proposition 3.3, we obtain that the order function of the ramification filtration is a multiple of p. Thus, p|m + 1, a contradiction. Thus the functors D, D are equal.
Since the representation is two dimensional the conjugation action on the ring R(G) is trivial, and the functor F is representable by
The dimension of the tangent space of F and the krull dimension of the hull is log p (|G 1 (P )|).
Remark: A comparison of this result with the computation of J. Bertin, A.Mèzard for deformations of the cyclic group Z p [3, Th. 5.3.3] gives us the nontrivial result: for the smallest m such that dim L(mP ) = 2, m < p − 1.
2. n = 3,Ordinary Curves. We will use the tools developed so far in order to study ordinary curves with n = 3 and compare our results with the more general results of G. Cornelissen-F. Kato [4] .
We observe first that the assumptions of the criterion 3.15 are satisfied by the remark of page 8 and D = D.
We will use the notation from example 3. of page 5. Let ρ ij (g) be the representation matrix. We have ρ 32 (g) = c 1 (g) and ρ 21 (g) = λc 1 (g).
We form the ring R(G), generated by X gi 21 , X gi 31 , X gi 32 . We observe that there are the relations X gi
X gi 31 = X gi 32 f (X gν ij ). Thus the only independent elements are X gi 32 . We will now study the image of Hom k−alg (R(G), k[ǫ]) → F (k[ǫ]), i.e., we will study images representations to L n (k[ǫ]) modulo the conjugation action. Let This is equivalent (recall that ǫ 2 = 0) to (16) a 1 21 (g) = a 2 21 (g), a 1 32 (g) = a 2 32 (g), and (17) a 1 31 (g) + bρ 1 21 (g) − aρ 1 32 (g) = a 2 31 (g). Since X g 31 ∈ X g 32 , (16) together with (15) implies that a 1 31 (g) = a 2 31 (g) (recall that ǫ 2 = 0). Now (17) implies that bρ 21 (g) − aρ 32 (g) = dρ 32 (g) = 0, for some d ∈ k.
Thus the set of representations G 1 (P ) → L n (k[ǫ]), can be identified with the set of homomorphisms of additive groups Hom(G 1 (P ), k) which is of dimension log p |G 1 (P )|, and the tangent space of F (k[ǫ]) is identified by Hom(G 1 (P ), k)/ρ 32 (g), i.e. the group homomorphism ρ 32 (g) : G 1 (P ) → k is considered to be zero. This is a space of dimension log p |G 1 (P )| − 1, and this result coincides with the result of G. Cornelissen, F. Kato.
3. p-cyclic covers of the affine line. We consider in this case deformations of the curve defined in example 4. of page 6. Let X → A be a deformation of the curve X : w p − w = x p s +1 , where A is a local integral domain, with maximal ideal m.
Lemma 3.5 implies that X /G = P 1 A , and since the group G is cyclic the branch locus does not split. The horizontal divisor D intersecting the special fibre at the ramified point is irreducible, thus the assumptions of proposition 3.14 are fulfilled and the faithful representation of G 1 (P ) in GL(L((p s + 1)P )), can be lifted.
By assumption the generic fibre of X is still a p-cover of the affine line with one ramified point at infinity, thus there are functions W, X on the generic fibre of X , such that
and f (X) ∈ k[X]. By deforming the curve X we deform the polynomial f 0 (x) = x p s +1 , and since the genus of every fibre, that is depended on the degree of f , has to remain constant, we deform f by adding lower degree terms a i X i , i < p s + 1, such that a i = 0 modm. Let us fix a basis B = {g i , i = 1, . . . , s} of the elementary abelian group Z/pZ × Z/pZ × . . . × Z/pZ, seen as an Z/pZ-module. To each g i we associate the variables X gi ij , i > j. Let X be a function on X that reduces to x on the special fibre. Instead of studying arbitrary liftings in L s+1 (A) and then computing the effect of taking the conjugation equivalence on the Krull dimension, we will choose a suitable basis on L i . We choose the elements {1, X p , X p 2 , . . . , X p s , W } as a basis for the free A modules L i of proposition 3.4. The first s + 1 basis elements are fixed, and the last basis element W can be selected freely in a submodule of L s of rank one.
An element g i ∈ B corresponds to the automorphism given by
The elements X gi ν,µ for 2 ≤ ν ≤ s, are expressed in terms of X gi 21 by the formula (6). For the s + 1 elements X gi s+1,ν in the lowest row we observe that they depend on the selection on the basis element W , and W can be selected in a one dimensional space and after such a basis change the elements X gi s+1,ν , ν = 0, . . . , s are all multiplied by a constant.
On the elements X gi s+1,ν we consider the commuting relations [g i , g j ] = 1, for i = j. We compute that Therefore on the s 2 variables X gi s+1,ν we have to consider s 2 relations of the form (18) . The dimension of R(G) equals to s 2 − s 2 = (s+1)s 2 . Now we have to consider the conjugation action on F (ǫ). Let Q be a matrix with entries (q ij ) ∈ k[ǫ] such that
A simple computation (recall that ǫ 2 = 0) shows that Q is invertible and the inverse matrix Q −1 has entries q ′ ij such that q ′ iν x(m) νµ q µj Now on the above formula, a summand is zero if they appear both elements q ′ iν and q µj for i = ν and µ = j. Thus (19) takes the form (20) γ ij = x(m) ij + j<ν<i −q iν f (X gm νj ) + f (X gm iν )q νj .
Let now j = 1, . . . , s and i = 1. Set f (X gm ij ) = ρ ij (g m ) + ǫδ ij (g m ). We have    δ ′ (X g1 ij ) . . . This means that the variables X gm s+1,j , m = 1, . . . , s contribute to the dimension s − r j where r j is the dimension of the span of the columns v j := (ρ νj (g 1 ), . . . , ρ νj (g s )) t w j := (ρ s+1,ν (g 1 ), . . . , ρ s+1,ν (g s )) t , where j < ν < s + 1.
Now, according to (6) ρ νj (g m ) = y j m ν j , and ρ s+1,ν (g m ) = b ν (y m ), where y m is the root of the polynomial Ad X p s +1 (Y ) coresponding to the basis element g m . The polynomial Ad X p s +1 (Y ) = Y + Y p 2s , and the polynomial P X p s +1 is equal to
Therefore, the coefficients b ν (y m ) = y p s+ν m . We deduce from the form of the polynomial Ad X p s +1 (Y ) that no linear combination of the vectors w j (ρ s+1ν (g 1 ), . . . , ρ s+1ν (g s )) t = (y p s+ν The desired dimension is the dimension of the vector space ker B (imA ∩ ker B) = ker B ker BA .
Thus dim F (k[ǫ]) = dim k ker B − dim k ker BA, and the dimmension of the later k-vector spaces can be computed by solving the corresponding linear systems.
Solving the above linear systems is a complicated task to do by hand. Using Maple we have computed the following table: s 2 3 4 5 6 7 dim k ker B 3 7 13 21 31 43 dim k ker BA 2 5 10 17 26 37 dim k F [ǫ] 1 2 3 4 5 6
